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Abstract 
In this article free vibration of a nanocantilever with nonuniform cross section is studied using nonlocal elasticity within the 
scope of continuum mechanics.  Based on an exact variational principle approach, an asymptotic partial differential equation of 
infinite order is derived along with the corresponding boundary conditions.  These equations involve essential higher-order 
differential terms which, if neglected, have previously led to some rather intriguing observations and conclusions. A reduced 
sixth-order differential equation is, then, solved for a nanocantilever by applying finite element method using quintic spline 
interpolation functions. The finite element model developed will be of practical use and reference to physicists and engineers, 
alike, in the analysis and design of more complicated nanostructures. 
The paper also resolves some of the strange observations from similar studies like: (i) the non-existence of real eigenvalues (for 
the first and second modes) for nonlocal parameter (e0a/L)>0.62; and (ii) the existence of a height ratio where frequency becomes 
independent of size effects, this ratio was defined as the ‘critical height ratio’.  It is clear from this study that these observations 
were a result of using a governing equation and boundary conditions which were not exact thus leading to erroneous observations 
and conclusions. 
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1. Introduction 
Nanotechnology has caught the interest of physicists and engineers since the invention of cabon nanotubes (CNT) 
by Ijima (1991). Superior mechanical, electrical and electronic properties have provided the added impetus for 
exploration of various technological and engineering material applications of CNTs in the last two decades. As a 
result nano-electronics, nano-devices, nano-composites etc. have emerged as fields of active research. Various 
theories have been put forward to model nano mechanical structures. Couple stress theory, modified couple stress 
theory, strain gradient theory and molecular-structural-mechanics method are some of the size dependent continuum 
theories that capture the small-scale effect.  
Murmu and Pradhan (2009) used differential quadrature method to study vibration response of nonuniform 
nanocantilever. The fundamental frequency, taking into account nonlocal effects, was found to higher than that 
based on classical (local) assumptions, only, till the Critical Height Ratio (CHR). Beyond the CHR, the nonlocal 
solutions of the fundamental frequency were observed to become smaller than the classical or local solutions. Also, 
for this model, no real eigenvalues were found to exist for values of nonlocal parameter e0a/L>0.62, which is a 
strange observation. Lim and Wang(2007) derived the exact nonlocal governing equations to study buckling 
instability of beams with various types of boundary conditions. Their prediction, of stiffness enhancement,by the 
nanoscale parameter in their model was justified by qualitative comparisons with other non-nonlocal approaches 
including molecular dynamics. Reddy and Pang (2008) have provided the analytical solutions for Euler beam and 
Timoshenko beam using nonlocal theories. Introduction of non-local parameter generally leads to reduction in 
buckling loads and natural frequencies and leads to increase in deflections. Similarly, Peddieson et al (2003) found 
results of Cantilever beam with point load to be independent of nonlocal effects. Lim (2008) derived the correct 
equilibrium conditions for bending of uniform nanobeams. The new higher order model resolved the issues raise in 
previous works. Further, Lim and Yang (2010) studied wave propagation in carbon nanotubes using the exact 
higher-order model. At higher wave numbers the predictions made by their refined model for found to be closer to 
Molecular dynamics results, than other non-nonlocal or classical models.  
Lim et al(2009) took up the example of vibration of Euler-Bernoulli cantilever nano beam with initial axial 
tension. Unlike classical vibration theory, the nonlocal model showed size dependent effects which resulted in 
enhancement of stiffness, which is much more consistent with experimental observations. Lim (2010) pointed out 
that unlike classical models in which Young’s modulus can be considered to be an indicator of stiffness, it loses its 
effectiveness as a stiffness indicator for nanostructures. This indicated at the possibility of carbon nanotubes with 
smaller Young’s modulus to have varying stiffness, in some cases higher, under various boundary conditions. 
Further Lim et al(2010) studied the transverse free vibration of uniform axially moving nanobeams subjected to 
axial tension. An exact higher order governing equation and corresponding boundary conditions were used, based on 
nonlocal continuum constitutive model. The effect of nonlocal scale, tension, density and axial velocity was studied. 
Mustapha and Zhong (2010) have dealt with the problem of Rayleigh beam at nano scale. The mass distribution, 
rotary inertia and flexural stiffness are assumed to be polynomial functions. Effect of taper ratio, Winkler modulus 
and Pasternak Modulus on dynamic characteristics of nanobeams has been explored in detail. Lee and Chang (2010) 
calculated the frequencies of a nanocantilever beams, incorporating the surface and small scale effects that have 
been analyzed using the nonlocal elasticity theory. The main conclusion of the study is that with the increase in 
nonlocal parameter the dimensionless frequency increases for first mode and for second and third mode 
dimensionless frequency decreases. Akgoz and Civalek (2013) employed modified coupled stress theory to analyze 
the vibration of Bernoulli-Euler nanobeams.  Polynomial variation of factors such as Young’s Modulus, shear 
modulus, mass density and geometrical properties like width and height is taken into account, concluding that the 
dimensionless natural frequencies predicted by modified couple stress theory are always greater than the ones 
predicted by classical theory. Akgoz and Civalek (2012) have calculated static deflections for nanotubes using 
classical theory, strain gradient theory and modified couple stress theory. Deflections are calculated for cantilever 
and simply supported beams. The deflection predicted by classical theory is greater than modified couple stress 
theory which is greater than strain gradient theory. Further Angkoz and Civalek (2011) have done the buckling 
analysis of nanobeam and using three different theories, classical theory, modified strain gradient theory and 
modified couple stress theory.  It concludes that the buckling load decreases with increase in diameter to length 
ratio,classical theory and modified couple stress theory are not able to correctly predict the bucking load. Cheng 
(2011) have also dealt with the torsional vibration of nano solids. It has concluded, first, the angular displacement 
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decreases with increase in nonlocal effects, second, nonlocal effects always results in increase in the natural 
frequency. It has been categorically pointed out that the formulation, which takes into account, nonlocal effects, only 
partially, results in decreased frequency. Zhang et al(2010) dealt with the properties of a wave propagating in a 
double walled carbon nanaotube. The authors have presented, here,an analog of the Timoshenko beam equations on 
the nanoscale. Simsek (2012) presents a vibrational analysis of a nanorod with variable area. It is found that with the 
increase in taper, fundamental frequency of a clamped-clamped axially functionally graded nanotube increases but it 
decreases for clamped-free axially functionally graded nanotube. Angkoz and Civalek (2011) have done the bucking 
analysis using three theories classical, modified strain gradient and couple stress theory. Analytical derivation has 
been presented for simply supported and cantilever beams. Rafiei et al (2012)scrutinize with the vibration 
characteristics of single walled carbon nanotubeswhen a fluid is passing through it. Daneshmand (2013) employed 
stress gradient and strain gradient elasticity theories to explore the effect of material length scales on frequency 
analysis of Single Walled Carbon Nanotubes. It aims to investigate the effect of transverse shear, circumferential, 
half axial wave numbers and aspect ratio on the frequency. 
 
2. Nonlocal equilibrium condition and boundary conditions 
2.1 Nonlocal constitutive relation 
The theory of nonlocal continuum mechanics was developed by Eringen (2002).  According to this theory, the 
stress at a point r, within an isotropic solid domain V is not only a function of strain at that point but it also depends 
on strains at all other points within the body. For a homogeneous and isotropic solid the nonlocal elastic stress is 
governed by the following nonlocal constitutive relation 
        ,ij ijVr r r r dV rV D W Vc c c c ³        (1a) 
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Where  ij rV ,  ij rH  and ju , 1,2,3i j   are, respectively, the nonlocal stress tensor, the linear strain tensor and 
displacement vector, respectively, at a reference point r  in the body.  From Eq. (1a) it is clear that unlike classical 
local stress tensor the nonlocal stress tensor is spatial weighted integral, represented here by  ,r rD Wc , of strains 
over the whole body.  The independent variable W  is a dimensionless nanolength scale 
 0e a
L
W            (2) 
of the material where a  is the internal characteristic length (e.g. C-C bond length, lattice parameter etc.) and 0e  is 
an experimentally determined material constant, and L  is an external characteristic length (e.g. crack length, wave 
length etc.).  Equation (1b) is the classical constitutive relation where the local stress tensor at location rc , denoted 
by  ij rV c c is related to the linear strain tensor  ij rH c c  at the same point, where O  and P  are the Lame constants, and 
ijG  is the Kronecker delta function.  For the theory of nonlocal elasticity, the local constitutive relation Eq. (1b), has 
to be replaced by the nonlocal counterpart Eq. (1a). 
The nonlocal stress in Eq. (1a) is an integro-partial equation which is rather difficult to handle.  For practical 
purpose, it can be simplified to a differential formulation under certain conditions in a two dimensional regions 
   2 21 ij ijLW V Vc           (3) 
 
2.2 Strain energy, kinetic energy, work and the variational principle 
With the understanding that the variational principle is one of the most fundamental and elegant laws of physics 
which finds application ranging from classical to quantum mechanics, it is applied in this paper for deriving the 
governing differential equations as well as the corresponding boundary conditions.  According to the variational 
principle, the variation of the integral over the time history from initial configuration to final configuration must 
vanish.  Thus we have 
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Where L  is the Lagrangian, kE , U  and wE  are the total kinetic energy, total potential energy and the work 
associated with external load. 
Consider a non-uniform nanobeam of length L  and area A(x)which depends on thickness,which varies from 0h  
at 0x   to Lh at x L .Axial tensileforce N  acts on the cantilever. According to the Euler-Bernoulli beam model, 
the plane normal to the mid-surface in the undeformed state must remain plane and perpendicular to it in the 
deformed state.  Mathematically, the in-plane displacement field  , ,u x z t  is related to the transverse displacement 
 ,w x t  at the mid-surface by the kinematic relation, 
    , , ,xu x z t z w x t  w         (5) 
and the strain-displacement relation is 
 2xx x xu z wH  w   w          (6) 
where jDw  is jth order partial derivative with respect to  ,x tD  .  
Substituting Eq. (5) into Eq. (3), the simplified nonlocal constitutive relation becomes 
 2 2 2xx x xx xxL EV W V H w          (7) 
Equation (6) is a second order partial differential equation and it can be solved in terms of xxH  as 
  2( 1) 2( 1)
1
n n
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 w¦         (8) 
The strain energy stored in the nanobeam per unit volume may now be determined by integrating the stress 
induced in the nanobeam over the strain history. 
 
0
xx
xx xxu d
H V H ³          (9) 
Eq (7) can now be used to solve the integration of Eq. (8), 
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The total strain stored in the entire volume is computed by integrating the strain energy density over the whole 
volumeV , thus 
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Where  I I x  is the moment of inertia of the nanobeam.  It must be emphasized here that Eq. (10) is an exact 
expression for the total strain energy stored in a nonlocal nanobeam.  Variation of the total potential energy gives, 
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The total kinetic energy due to transverse motion of the nanobeam is 
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where U  is the mass density of the nanobeam.  Variation of the kinetic energy is given by 
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On the other hand, the work associated with the axial tension N  is 
  2
02
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and its variation is 
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2.3 Variational principle for derivation of higher-order governing equation of motion and higher-order 
boundary conditions 
Substituting Eq. (13) to Eq. (15) into Eq. (16) yields 
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Since wG  does not vanish for the existence of a nontrivial solution, hence the governing differential equation is 
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The corresponding boundary conditions are 
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It may be noted that in the limit of vanishing nanoscale effect, i.e. 0W o , Eq. (18) reduces to the familiar fourth 
order Euler-Bernoulli beam equation. 
For sake of simplicity and generality, the following non-dimensional variable are defined 
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and Eq. (18) can be expressed in a non-dimensional form as 
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In this paper, a nanobeam with varying cross-sectional area is considered.  It is assumed that the cross section and 
moment of inertia vary along the axis according to 
    0 01 1xA x A A XL
\
\O O§ ·   ¨ ¸© ¹        (21a) 
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Where 0A  and 0I  are the area and moment of inertia of the nanobeam at 0x  , respectively.  Here \  is the 
parameter, which has been introduced to capture the variation in cross section, different values of this parameter 
would describe different forms of variation of cross-section along the beam length. 
Considering only the first two terms in the infinite order governing equation, we have 
         2 2 23 3 2 2 2 21 1 1 0X X X X X tX w X w N w X w\ \ \W O O U O  w  w w  w  w   w    (22) 
For linear free vibration of a nanobeam, the vibration modes are harmonic in time.  Hence, the temporal and 
spatial terms for transverse deformation can be separated as 
 ( , ) ( ) ni tw x t W x e Z          (23) 
Where  W x  represents the vibration amplitude shape function, 1i    and nZ  is the natural frequency with 
subscript 1,2,3,n  which denotes the mode number. 
Substituting Eq. (23) into Eq. (22) yields 
          2 2 23 3 2 2 2 2 21 1 1 0         X X X X X n tX W X W N W X W\ \ \W O O O  w  w w  w  w :  w    (24) 
Where n nUZ:   is the dimensionless natural frequency.  Because analytical solution for the equation above is 
rather impractical, the finite element method is applied to solve this eigenvalue problem. 
 
 
3. Solution by the Finite Element Method 
Referring to Eq. (22), it is clear that the higher-order governing equation demand a higher-order continuity of 
shape functions.  It is, unlike, the third-order Hermite interpolation functions used for Euler-Bernoulli beam based 
on the classical constitutive relation.  Here, the nanobeam is discretized into two-noded one-dimensional elements.  
The displacement shape function can be approximated as 
 ^ ` ^ `( ) T eW x  ) '          (25) 
Where ^ ` ^ `1 2 6...T M M M)   are the quintic-spline shape functions which provide the desired 2C -continuity 
and ^ ` ^ `1 2 6...e e e e'  ' ' '  are the six dofs (degrees of freedom) associated with each element, i.e. three dofs per 
node.  Substituting the approximation in Eq. (25) into Eq. (24) and carrying out integration by parts, the element 
level stiffness and mass matrix can, respectively, be determined as 
           1 2 22 3 3 2 21 1e
e
X
e
ij X i X j X i X j i j
X
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X
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        (27) 
The Gauss-Quadrature is employed to integrate Eqs. (26) and (27). By assembling the element stiffness and mass 
matrices, a discretized eigenvalue problem is finally formed as 
 2[ ]{ } [ ]{ }nK X M X :         (28) 
where  
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        (29) 
are the global stiffness and mass matrices, respectively. 
 
4. Results and discussion 
The stiffness matrix in Eq. (26) is symmetric and the mass matrix Eq. (27) is positive definite. Thus eigenvalue of 
Eq. (28) should be real and the corresponding eigenvectors should form an orthogonal system. This is also evident in 
the numerical results that follow. Twenty elements were used to discretize the beam and following results were 
obtained. 
 
4.1. Effect of nonlocal parameter and non-uniform parameter on frequency 
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Fig. 1a. Variation of frequency with height ratio for ψ=1  Fig. 1b. Variation of frequency with height ratio for ψ=2 
Fig.1a-Fig.1c show the variation of frequency parameter Ω for height ratio (h0/hL) for various nonlocal parameters 
(τ) with Ψ=1, Ψ=2 and Ψ=3 respectively. Three different variations of non-uniformities are considered. Case (a) 
width is kept constant and height is varied linearly (Ψ=1), case (b) both the width and the height are varied linearly 
(Ψ=2) and case(c) the width is varied quadratically and height is varied linearly (Ψ=3). The rotary inertia effect is 
neglected. The effect of axial force is considered in next section and is not considered now (N=0).
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Fig. 1c. Variation of frequency with height ratio for ψ=3 
 
The height ratio is defined as the initial height or height at X=0 to final height i.e. height at X=1.  Fig.1a shows 
the variation of frequency parameter Ω, corresponding to the 1st mode, with respect to the height ratio for different 
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values of dimensional nanolength scale τ. It can be observed that as height ratio increases so does the frequency 
parameter. This increase in frequency can be attributed to the increase in bending stiffness of beam with increasing 
height ratio. 
Further, it is found that the nonlocal effects have significant effect on vibration behavior the nanocantilever. The 
fundamental frequency in with nonlocal effects is more than frequency with classical formulation (τ=0). Also, the 
increase in nonlocal parameter is found to increase the bending stiffness of the nanobeam which causes as an 
increase in frequency parameter. Moreover, this observation is consistently observed for various values of height 
ratio. This is in contrast to the observation made by Murmu and Pradhan (2009) who had found that the nonlocal 
parameter had a stiffening effect only when the height ratio is within (1<h0/hL<1.3). Further, they had observed that 
the problem yielded real eigenvalues for first and second mode only for nonlocal parameters,τ,less than 0.62 which 
was left unexplained in the paper. No such observation is made in present work. Murmu and Pradhan [6] also found 
a critical height ratio at which the frequency parameter was found to mysteriously become independent of the size 
effects. As is clear from Fig. 1a and also in Fig. 1b- Fig. 1c, the curves for different values of size factor do not show 
any trend to intersect and no such critical point was observed. 
We believe, the above inconsistencies can be explained based on the fact that the present work uses a complete 
partial differential equation based on rigorous application of variational approach, which has resulted in a higher 
order differential equation. The partially correct nonlocal model along with incorrect boundary conditions may have 
attributed to these intriguing observations. 
Similar to the above observation the frequency parameter is observed to increase with increase in height ratio in 
Fig.1b-Fig.1c for Ψ=2 and Ψ=3 respectively. It is further observed that the stiffening effect, in terms of increase in 
frequency parameter with height ratio, becomes more prominent as the nonuniform parameter increases as should be 
expected. 
 
4.2 Effect of (N), axial load, and Ψ,parameter characterizing change of area along length, on frequency:  
The effect of axial load (N) and nonuniform parameter (Ψ) on non-dimensional frequency parameter (Ω) are 
illustrated in Fig. 2a-Fig. 2c, for two different values of nonlocal parameters (τ=0.05, τ=0.15). Results for 
nonuniform parameter Ψ=1 are given in Fig. 2a. It is observed that, for a given value of nonlocal parameter the 
application of axial load has a stiffening effect. It is seen that the nonlocal parameter has consistent stiffening effect 
over the entire range of height ratio. The axial load kept constant and the natural frequency increases with an 
increase in nonlocal parameter. The above observations hold true in Fig. 2b-Fig. 2c. The nonuniform parameter is 
seen to further increase the rate of growth of frequency with respect to height ratio. 
 
4.3 Effect of nonlocal parameter and non-uniform parameter on frequency of higher modes:  
Frequency parameter for the first four modes is listed in Table 1. Frequencies for both uniform and nonuniform 
cross section with local and nonlocal theories are provided. For nonuniform cross section (NUCS) the height ratio is 
assumed to be 1.2 and non-uniformity parameter Ψ=1.  For uniform cross section (UCS) the effect of nonlocal 
parameter is consistent for all the higher modes and the frequencies are found to increase with increase in nonlocal 
parameter. A similar trend is observed for NUCS. Further, the effect of nonlocal parameter, in terms of increase in 
frequency, is seen to have a more prominent effect in higher modes. This is due to the decreased wavelengths at 
higher modes. For smaller wavelengths the atoms are brought closer together, which leads to an increased effect of 
nonlocal parameter. 
 
Table 1 Results obtained from the presented theory 
Mode Local Theory Higher order nonlocal equations 
 UCS ; τ=0 NUCS ; τ=0 UCS ; τ=0.05 NUCS ; τ=0 UCS ; τ=0.1 NUCS ; τ=0.1 
1 3.5160 3.5909 3.8903 3.9403 4.3074 4.3350 
2 22.0345 20.8625 24.7825 23.3546 28.4554 26.7500 
3 61.6972 57.1300 71.8634 66.3171 87.8030 80.9606 
4 120.9019 111.2934 148.1813 136.0065 194.5274 178.5556 
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Fig. 2a. Variation of frequency parameter with height ratio   Fig. 2b. Variation of frequency parameter with height ratio and  
and axial Load for ψ=1     axial Load for ψ=2 
 
 
 
 
Table 2 Results obtained from Murmu and Pradhan (2009) 
 
Fig. 2c. Variation of frequency parameter with height ratio  
and axial Load for ψ=3 
 
 
Results from Murmu and Pradhan (2009) are also listed for comparison. The results for local theory for both UCS 
and NUCS match exactly with the corresponding results. It is seen that the nonlocal parameter a softening effect on 
higher modes, which in contradiction with the results for the first natural frequency.  On a comparison it is seen that 
the partial nonlocal theory under predicts the natural frequencies. This is attributed to the higher order terms that are 
neglected and the corresponding boundary conditions. 
 
5. Conclusion 
Frequency response of a nanocantilever beam of variable cross section is obtained, in this article, using nonlocal 
elasticity theory. The governing equations are obtained using the variational approach and are subsequently solved 
using finite element method. It can be concluded that with the introduction of nonlocal effects the frequency of 
vibration increases. With the increase in the axial load the fundamental frequency increases and with the increase in 
taper of the beam the frequency also increases. The results of this paper area are in contrast to certain strange results 
observed, like non-existence of real Eigen values for certain conditions and the existence of a critical height ratio. 
Mode Local Theory Higher order nonlocal eqs 
 UCS; τ=0 NUCS  τ=0 UCS  τ=0.1 NUCS  τ=0.1 
1 3.5160 3.5909 3.5313 3.5953 
2 22.0345 20.8625 20.6796 19.5193 
3 61.6972 57.1300 51.0638 47.1448 
4 120.9019 111.2934 85.6897 78.6935 
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